Abstract. Let C be a Gorenstein non complete intersection monomial curve in the 4-dimensional affine space. In this paper we study the minimal number of generators of the tangent cone of C. Special attention will be paid to the case where C has Cohen-Macaulay tangent cone at the origin.
Introduction
Let n 1 < n 2 < · · · < n d be positive integers with gcd(n 1 , . . . , n d ) = 1. Consider the polynomial ring K[x 1 , . . . , x d ] in d variables over a field K. We shall denote by x u the monomial x The ideal I(C) is generated by all the binomials x u − x v such that φ(x u ) = φ(x v ) see for example, [5, Lemma 4 .1]. Given a polynomial f ∈ I(C), we let f * be the homogeneous summand of f of least degree. We shall denote by I(C) * the ideal in K[x 1 , . . . , x d ] generated by the polynomials f * for f ∈ I(C). Then I(C) * is the defining ideal of the tangent cone of C at 0.
Our aim in this paper is to determine the minimal number of generators of the tangent cone of a Gorenstein monomial curve C in A 4 (K). In other words we want to compute the minimal number of generators of the ideal I(C) * . Special attention will be paid to the case where C has Cohen-Macaulay tangent cone at the origin. In that case F. Arslan and P. Mete [2] found some special classes of Gorenstein non-complete intersection monomial curves where this number equals five.
In section 2 we study the minimal number of generators of the tangent cone of a Gorenstein non-complete intersection monomial curve C, under the assumption that C has Cohen-Macaulay tangent cone at the origin. More precisely we prove that in several cases the minimal number of generators is either five or six. The proof is constructive, i.e. we explicitly find a minimal generating set of I(C) * . In section 3 we provide classes of Gorenstein non-complete intersection monomial curves such that the minimal number of generators of their tangent cones is equal to 7.
The non-complete intersection case
In this section we will study the case that C is a Gorenstein non-complete intersection monomial curve which has Cohen-Macaulay tangent cone at the origin.
Theorem 2.1. ( [3] ) Let C be a monomial curve having the parametrization x 1 = t n1 , x 2 = t n2 , x 3 = t n3 , x 4 = t n4 .
The semigroup N{n 1 , . . . , n 4 } is symmetric and C is a non-complete intersection curve if and only if I(C) is minimally generated by the set 4 } where the polynomials f i are unique up to isomorphism and 0 < a ij < a j .
Remark 2.2. Bresinsky [3] showed that N{n 1 , . . . , n 4 } is symmetric and I(C) is as in the previous theorem if and only if n 1 = a 2 a 3 a 14 + a 32 a 13 a 24 , n 2 = a 3 a 4 a 21 + a 31 a 43 a 24 , n 3 = a 1 a 4 a 32 + a 14 a 42 a 31 , n 4 = a 1 a 2 a 43 + a 42 a 21 a 13 with gcd(n 1 , n 2 , n 3 , n 4 ) = 1, a i > 1, 0 < a ij < a j for 1 ≤ i ≤ 4 and a 1 = a 21 + a 31 , a 2 = a 32 + a 42 , a 3 = a 13 + a 43 , a 4 = a 14 + a 24 .
Remark 2.3. ([2]) Theorem 2.1 implies that for any non-complete intersection
Gorenstein monomial curve with embedding dimension four, the variables can be renamed to obtain generators exactly of the given form, and this means that there are six isomorphic possible permutations which can be considered within three cases:
(1) f 1 = (1, (3, 4) ) (a) f 2 = (2, (1, 4)), f 3 = (3, (1, 2)), f 4 = (4, (2, 3)), f 5 = ((1, 3), (2, 4)) (b) f 2 = (2, (1, 3)), f 3 = (3, (2, 4)), f 4 = (4, (1, 2)), f 5 = ((1, 4), (2, 3)) (2) f 1 = (1, (2, 3)) (a) f 2 = (2, (3, 4)), f 3 = (3, (1, 4)), f 4 = (4, (1, 2)), f 5 = ((2, 4), (1, 3)) (b) f 2 = (2, (1, 4)), f 3 = (3, (2, 4)), f 4 = (4, (1, 3)), f 5 = ((1, 2), (4, 3)) (3) f 1 = (1, (2, 4) ) (a) f 2 = (2, (1, 3)), f 3 = (3, (1, 4)), f 4 = (4, (2, 3)), f 5 = ((1, 2), (3, 4) ) (b) f 2 = (2, (3, 4)), f 3 = (3, (1, 2)), f 4 = (4, (1, 3)), f 5 = ((2, 3), (1, 4)) Here, the notation f i = (i, (j, k)) and f 5 = ((i, j), (k, l)) denote the generators f i = x l . Thus, given a Gorenstein monomial curve C, if we have the extra condition n 1 < n 2 < n 3 < n 4 , then the generator set of I(C) is exactly given by one of these six permutations.
In [1] we provide necessary and sufficient conditions for the Cohen-Macaulayness of the tangent cone of C. More precisely we proved the following. To prove the main result of this section, namely that the minimal number of generators of the tangent cone of C is either five or six, we will apply the standard basis algorithm to an appropriate set G = {f 1 , . . . , f r } ⊂ I(C). For the definitions of local orderings, normal form, ecart of a polynomial, standard basis and the description of the standard basis algorithm, see [4] . By using the notation in [4] , we denote the leading monomial of a polynomial f by LM(f ), the s-polynomial of the polynomials f and g by spoly(f, g) and the Mora's polynomial weak normal form of f with respect to G by NF(f |G). We will show that NF(spoly(f i , f j )|G) = 0, for every 1 ≤ i < j ≤ r. This will be done to prove only Propositions 2.8 and 2.10. The proofs of the other results are similar, and therefore omitted.
In the sequel, we will make repeatedly use of the next lemma.
Lemma 2.5. ([4, Lemma 5.5.11]) If G is a standard basis of I(C) with respect to the negative degree reverse lexicographic term ordering with x 4 > x 3 > x 2 > x 1 , then I(C) * is generated by the least homogeneous summands of the elements in G.
For the rest of the section we assume that C has Cohen-Macaulay tangent cone at the origin. and only LM(f 3 ) divides LM(spoly(f 2 , f 5 )). Furthermore ecart(spoly(f 2 , f 5 )) = ecart(f 3 ). Then spoly(f 3 , spoly(f 2 , f 5 )) = 0 and also NF(spoly(f 2 , f 5 )|G) = 0. Also spoly(
4 . Suppose that a 41 +a 2 ≤ a 3 +a 14 . Then (a 41 +a 2 )n 2 > a 41 n 1 +a 2 n 2 = a 3 n 3 +a 14 n 4 > (a 3 +a 14 )n 3 , so (a 41 +a 2 )n 2 > (a 3 +a 14 )n 3 . Moreover n 2 (a 41 +a 2 ) < n 3 (a 41 +a 2 ) ≤ n 3 (a 3 +a 14 ), hence n 2 (a 41 + a 2 ) < n 3 (a 3 + a 14 ) a contradiction. Thus a 3 + a 14 < a 41 + a 2 and therefore LM(spoly( 
. Only LM(f 2 ) divides LM(g) and ecart(spoly(f 1 , spoly(f 5 , f 6 ))) = ecart(f 2 ). Then spoly(f 2 , g) = 0 and NF(spoly(f 5 , f 6 )|G) = 0. We have that spoly(f 3 , f 5 ) = x a42−a32 2
. We distinguish the following cases:
. Then a 3 + a 13 + a 42 − a 32 ≤ a 1 + a 42 + a 34 − a 14 and therefore LM(g) = x a42−a32 2
. Only LM(f 6 ) divides LM(g) and also ecart(g) = ecart(f 6 ). Finally spoly(f 6 , g) = 0 and NF(spoly(
. Only LM(f 6 ) divides LM(spoly(f 3 , f 5 )) and ecart(spoly(f 3 , f 5 )) < ecart(f 6 ). Let h = spoly(f 6 , spoly(f 3 , f 5 )) = x . Only LM(f 4 ) divides LM(h) and also ecart(spoly(h) = ecart(f 4 ). Then spoly(f 4 , h) = 0 and NF(spoly(f 3 , f 5 )|G) = 0. Theorem 2.9. Suppose that I(C) is given as in case 1(b) and also that a 3 > a 32 + a 34 . Assume that a 32 < a 42 and a 14 ≤ a 34 .
(1) If a 2 < a 21 + a 23 , a 3 + a 13 < a 1 + a 32 + a 34 − a 14 and a 42 + a 13 < a 21 + a 34 , then I(C) * is minimally generated by
(2) If a 2 < a 21 + a 23 , a 3 + a 13 < a 1 + a 32 + a 34 − a 14 and a 42 + a 13 = a 21 + a 34 , then I(C) * is minimally generated by
(3) If a 2 < a 21 + a 23 , a 3 + a 13 = a 1 + a 32 + a 34 − a 14 and a 42 + a 13 < a 21 + a 34 , then I(C) * is minimally generated by
}.
(4) If a 2 < a 21 + a 23 , a 3 + a 13 = a 1 + a 32 + a 34 − a 14 and a 42 + a 13 = a 21 + a 34 , then I(C) * is minimally generated by
(5) If a 2 = a 21 + a 23 , a 3 + a 13 < a 1 + a 32 + a 34 − a 14 and a 42 + a 13 < a 21 + a 34 , then I(C) * is minimally generated by
(6) If a 2 = a 21 + a 23 , a 3 + a 13 < a 1 + a 32 + a 34 − a 14 and a 42 + a 13 = a 21 + a 34 , then I(C) * is minimally generated by
(7) If a 2 = a 21 + a 23 , a 3 + a 13 = a 1 + a 32 + a 34 − a 14 and a 42 + a 13 < a 21 + a 34 , then I(C) * is minimally generated by
(8) If a 2 = a 21 + a 23 , a 3 + a 13 = a 1 + a 32 + a 34 − a 14 and a 42 + a 13 = a 21 + a 34 , then I(C) * is minimally generated by
Proposition 2.10. Suppose that I(C) is given as in case 1(b) and also that a 3 > a 32 + a 34 . Assume that a 42 ≤ a 32 .
(1) If a 34 < a 14 , then
} is a standard basis for I(C) with respect to the negative degree reverse lexicographic term ordering with
and LM(f 6 ) = x . Therefore NF(spoly(f i , f j )|G) = 0 as LM(f i ) and LM(f j ) are relatively prime, for (i, j) ∈ {(1, 2), (2, 4) , (2, 6) , (3, 6) , (4, 5) , (4, 6}.
We compute spoly(
. Then a 3 + a 13 + a 14 − a 34 < a 1 + a 32 and therefore LM(spoly(
. Only LM(f 6 ) divides LM(spoly(f 1 , f 3 )) and ecart(spoly(f 1 , f 3 )) = a 1 + a 32 − a 3 − a 13 + a 34 − a 14 = a 21 +a 41 +a 32 −a 3 −a 13 +a 34 −a 14 > a 21 +a 32 −a 42 +2a 34 −a 3 −a 13 = ecart(f 6 ) since
4 and also ecart(g) = ecart(f 4 ). Next we compute spoly(f 4 , g) = 0 and NF(spoly(f 1 , f 3 )|G) = 0. We have that spoly(
and ecart(spoly(f 1 , f 5 )) = ecart(f 4 ). Thus spoly(f 4 , spoly(f 1 , f 5 )) = 0 and also
Then spoly(f 5 , spoly(f 2 , f 3 )) = 0 and also NF(spoly(
and only LM(
2 and only LM(f 2 ) divides LM(g). Also ecart(g) = ecart(f 2 ). Then spoly(f 2 , g) = 0 and NF(spoly(f 3 , f 4 )|G) = 0. We have that spoly(
. Only LM(f 3 ) divides LM(spoly(f 5 , f 6 )) and ecart(spoly(f 5 , f 6 )) = ecart(f 3 ). We have that spoly(f 3 , spoly(f 5 , f 6 )) = 0 and NF(spoly(
and LM(f 6 ) = x . Therefore NF(spoly(f i , f j )|G) = 0 as LM(f i ) and LM(f j ) are relatively prime, for (2, 4) , (2, 6) , (3, 6) , (4, 5) , (4, 6}.
and also ecart(spoly(f 1 , f 4 )) = ecart(f 5 ). Moreover spoly(f 5 , spoly(f 1 , f 4 )) = 0 and NF(spoly(f 1 , f 4 )|G) = 0. We have that spoly(
and ecart(spoly(f 1 , f 5 )) = ecart(f 4 ). Then spoly(f 4 , spoly(f 1 , f 5 )) = 0 and
and ecart(spoly(f 1 , f 6 )) = ecart(f 3 ). Then spoly(f 3 , spoly(f 1 , f 6 )) = 0 and NF(spoly(f 1 , f 6 )|G) = 0.
We have that spoly(
and ecart(spoly(f 2 , f 3 )) = ecart(f 5 ). Then spoly(f 5 , spoly(f 2 , f 3 )) = 0 and also NF(spoly(f 2 , f 3 )|G) = 0. We have that spoly(
and NF(spoly(f 2 , f 5 )|G) = 0. We have that spoly(
and ecart(spoly(
2 and ecart(h) = ecart(f 2 ). Then spoly(f 2 , h) = 0 and also NF(spoly(f 3 , f 4 )|G) = 0. We have that spoly(
and ecart(spoly(g) = ecart(f 2 ). Then spoly(f 2 , g) = 0 and NF(spoly(f 5 , f 6 )|G) = 0. We have that spoly(
, then only LM(f 6 ) divides LM(spoly(f 3 , f 5 )) and also ecart(spoly(f 3 , f 5 )) = a 21 + a 32 − a 42 + 2a 34 − a 3 − a 13 < a 1 + a 32 + a 34 − a 14 − a 3 − a 13 = ecart(f 6 ). Let g = spoly(f 6 , spoly(
and ecart(g) = ecart(f 4 ). We have that spoly(f 4 , g) = 0 and NF(spoly(
. Only LM(f 4 ) divides LM(spoly(f 3 , f 5 )) and also ecart(spoly(
Theorem 2.11. Suppose that I(C) is given as in case 1(b) and also that a 3 > a 32 + a 34 . Assume that a 42 ≤ a 32 . (i) Suppose that a 34 < a 14 .
(1) If a 2 < a 21 + a 23 , a 3 + a 13 < a 21 + a 32 − a 42 + 2a 34 and a 42 + a 13 < a 21 + a 34 , then I(C) * is minimally generated by
(2) If a 2 < a 21 + a 23 , a 3 + a 13 < a 21 + a 32 − a 42 + 2a 34 and a 42 + a 13 = a 21 + a 34 , then I(C) * is minimally generated by
(3) If a 2 < a 21 + a 23 , a 3 + a 13 = a 21 + a 32 − a 42 + 2a 34 and a 42 + a 13 < a 21 + a 34 , then I(C) * is minimally generated by
(4) If a 2 < a 21 + a 23 , a 3 + a 13 = a 21 + a 32 − a 42 + 2a 34 and a 42 + a 13 = a 21 + a 34 , then I(C) * is minimally generated by
}. 
}.
(6) If a 2 = a 21 + a 23 , a 3 + a 13 < a 21 + a 32 − a 42 + 2a 34 and a 42 + a 13 = a 21 + a 34 , then I(C) * is minimally generated by
(7) If a 2 = a 21 + a 23 , a 3 + a 13 = a 21 + a 32 − a 42 + 2a 34 and a 42 + a 13 < a 21 + a 34 , then I(C) * is minimally generated by
(8) If a 2 = a 21 + a 23 , a 3 + a 13 = a 21 + a 32 − a 42 + 2a 34 and a 42 + a 13 = a 21 + a 34 , then I(C) * is minimally generated by
(ii) Suppose that a 14 ≤ a 34 .
(8) If a 2 = a 21 + a 23 , a 3 + a 13 = a 1 + a 32 + a 34 − a 14 and a 42 + a 13 = a 21 + a 34 , then I(C) * is minimally generated by Proposition 2.12. Suppose that I(C) is given as in case 2(a). If a 24 < a 34 and a 13 ≤ a 23 , then
4 } is a standard basis for I(C) with respect to the negative degree reverse lexicographic term ordering with x 4 > x 3 > x 2 > x 1 . Theorem 2.13. Suppose that I(C) is given as in case 2(a), a 24 < a 34 and a 13 ≤ a 23 .
(1) If a 3 < a 31 + a 34 , a 2 + a 12 < a 1 + a 24 + a 23 − a 13 and a 12 + a 34 < a 41 + a 23 , then I(C) * is minimally generated by
(2) If a 3 < a 31 + a 34 , a 2 + a 12 < a 1 + a 24 + a 23 − a 13 and a 12 + a 34 = a 41 + a 23 , then I(C) * is minimally generated by
(3) If a 3 < a 31 + a 34 , a 2 + a 12 = a 1 + a 24 + a 23 − a 13 and a 12 + a 34 < a 41 + a 23 , then I(C) * is minimally generated by
4 }. (4) If a 3 < a 31 + a 34 , a 2 + a 12 = a 1 + a 24 + a 23 − a 13 and a 12 + a 34 = a 41 + a 23 , then I(C) * is minimally generated by
If a 3 = a 31 + a 34 , a 2 + a 12 < a 1 + a 24 + a 23 − a 13 and a 12 + a 34 < a 41 + a 23 , then I(C) * is minimally generated by
(6) If a 3 = a 31 + a 34 , a 2 + a 12 < a 1 + a 24 + a 23 − a 13 and a 12 + a 34 = a 41 + a 23 , then I(C) * is minimally generated by
(7) If a 3 = a 31 + a 34 , a 2 + a 12 = a 1 + a 24 + a 23 − a 13 and a 12 + a 34 < a 41 + a 23 , then I(C) * is minimally generated by then I(C) * is minimally generated by
4 }. Proposition 2.14. Suppose that I(C) is given as in case 2(a) and also that a 34 ≤ a 24 . (1) If a 23 < a 13 , then
} is a standard basis for I(C) with respect to the negative degree reverse lexicographic term ordering with x 4 > x 3 > x 2 > x 1 . (2) If a 13 ≤ a 23 , then
4 } is a standard basis for I(C) with respect to the negative degree reverse lexicographic term ordering with x 4 > x 3 > x 2 > x 1 . Theorem 2.15. Suppose that I(C) is given as in case 2(a) and also that a 34 ≤ a 24 . (i) Assume that a 23 < a 13 .
(1) If a 3 < a 31 + a 34 , a 2 + a 12 < a 41 + 2a 23 + a 24 − a 34 and a 12 + a 34 < a 41 + a 23 , then I(C) * is minimally generated by 
(5) If a 3 = a 31 + a 34 , a 2 + a 12 < a 41 + 2a 23 + a 24 − a 34 and a 12 + a 34 < a 41 + a 23 , then I(C) * is minimally generated by
(6) If a 3 = a 31 + a 34 , a 2 + a 12 < a 41 + 2a 23 + a 24 − a 34 and a 12 + a 34 = a 41 + a 23 , then I(C) * is minimally generated by
(7) If a 3 = a 31 + a 34 , a 2 + a 12 = a 41 + 2a 23 + a 24 − a 34 and a 12 + a 34 < a 41 + a 23 , then I(C) * is minimally generated by (ii) Assume that a 13 ≤ a 23 .
If a 3 = a 31 + a 34 , a 2 + a 12 < a 1 + a 24 + a 23 − a 13 and a 12 + a 34 < a 41 + a 23 , then I(C) * is minimally generated by (6) If a 3 = a 31 + a 34 , a 2 + a 12 < a 1 + a 24 + a 23 − a 13 and a 12 + a 34 = a 41 + a 23 , then I(C) * is minimally generated by
(7) If a 3 = a 31 + a 34 , a 2 + a 12 = a 1 + a 24 + a 23 − a 13 and a 12 + a 34 < a 41 + a 23 , then I(C) * is minimally generated by a 3 = a 31 + a 34 , a 2 + a 12 = a 1 + a 24 + a 23 − a 13 and a 12 + a 34 = a 41 + a 23 , then I(C) * is minimally generated by
4 }. Remark 2.16. Suppose that I(C) is given as in case 2(b) and also that a 3 ≤ a 32 + a 34 . By Theorem 2.4 it holds that a 2 ≤ a 21 + a 24 . From Remark 2.9 in [2] the set
4 } is a standard basis for I(C) with respect to the negative degree reverse lexicographic term ordering with x 4 > x 3 > x 2 > x 1 .
(1) If a 3 < a 32 + a 34 and a 2 < a 21 + a 24 , then I(C) ⋆ is generated by
If a 3 < a 32 + a 34 and a 2 = a 21 + a 24 , then I(C) ⋆ is generated by
If a 3 = a 32 + a 34 and a 2 < a 21 + a 24 , then I(C) ⋆ is generated by 
4 } is a standard basis for I(C) with respect to the negative degree reverse lexicographic term ordering with x 4 > x 3 > x 2 > x 1 . Theorem 2.18. Suppose that I(C) is given as in case 2(b) and also that a 3 > a 32 + a 34 . Assume that a 34 < a 24 and a 12 ≤ a 32 .
(1) If a 2 < a 21 +a 24 and a 3 +a 13 < a 1 +a 32 −a 12 +a 34 , then I(C) * is minimally generated by
(2) If a 2 < a 21 +a 24 and a 3 +a 13 = a 1 +a 32 −a 12 +a 34 , then I(C) * is minimally generated by
If a 2 = a 21 +a 24 and a 3 +a 13 < a 1 +a 32 −a 12 +a 34 , then I(C) * is minimally generated by
(4) If a 2 = a 21 +a 24 and a 3 +a 13 = a 1 +a 32 −a 12 +a 34 , then I(C) * is minimally generated by
Proposition 2.19. Suppose that I(C) is given as in case 2(b) and also that a 3 > a 32 + a 34 . Assume that a 24 ≤ a 34 .
(1) If a 32 < a 12 , then
4 } is a standard basis for I(C) with respect to the negative degree reverse lexicographic term ordering with x 4 > x 3 > x 2 > x 1 . Theorem 2.20. Suppose that I(C) is given as in case 2(b) and also that a 3 > a 32 + a 34 . Assume that a 24 ≤ a 34 . (i) Suppose that a 32 < a 12 .
(1) If a 2 < a 21 + a 24 and a 3 + a 13 < a 41 + 2a 32 + a 34 − a 24 , then I(C) * is minimally generated by
(2) If a 2 < a 21 + a 24 and a 3 + a 13 = a 41 + 2a 32 + a 34 − a 24 , then I(C) * is minimally generated by
(3) If a 2 = a 21 + a 24 and a 3 + a 13 < a 41 + 2a 32 + a 34 − a 24 , then I(C) * is minimally generated by }.
(4) If a 2 = a 21 + a 24 and a 3 + a 13 = a 41 + 2a 32 + a 34 − a 24 , then I(C) * is minimally generated by
(ii) Suppose that a 12 ≤ a 32 .
If a 2 = a 21 +a 24 and a 3 +a 13 < a 1 +a 32 −a 12 +a 34 , then I(C) * is minimally generated by }.
(4) If a 2 = a 21 +a 24 and a 3 +a 13 = a 1 +a 32 −a 12 +a 34 , then I(C) * is minimally generated by 
2 } is a standard basis for I(C) with respect to the negative degree reverse lexicographic term ordering with x 4 > x 3 > x 2 > x 1 .
(1) If a 2 < a 21 + a 23 and a 3 < a 31 + a 34 , then I(C) ⋆ is generated by
If a 2 < a 21 + a 23 and a 3 = a 31 + a 34 , then I(C) ⋆ is generated by
If a 2 = a 21 + a 23 and a 3 < a 31 + a 34 , then I(C) ⋆ is generated by
If a 2 = a 21 + a 23 and a 3 = a 31 + a 34 , then I(C) ⋆ is generated by 
} is a standard basis for I(C) with respect to the negative degree reverse lexicographic term ordering with x 4 > x 3 > x 2 > x 1 . Theorem 2.23. Suppose that I(C) is given as in case 3(b), a 23 < a 43 and a 14 ≤ a 24 .
(1) If a 3 < a 31 + a 32 , a 2 + a 12 < a 1 + a 23 + a 24 − a 14 and a 12 + a 43 < a 31 + a 24 , then I(C) * is minimally generated by
(2) If a 3 < a 31 + a 32 , a 2 + a 12 < a 1 + a 23 + a 24 − a 14 and a 12 + a 43 = a 31 + a 24 , then I(C) * is minimally generated by
(3) If a 3 < a 31 + a 32 , a 2 + a 12 = a 1 + a 23 + a 24 − a 14 and a 12 + a 43 < a 31 + a 24 , then I(C) * is minimally generated by
(4) If a 3 < a 31 + a 32 , a 2 + a 12 = a 1 + a 23 + a 24 − a 14 and a 12 + a 43 = a 31 + a 24 , then I(C) * is minimally generated by
(5) If a 3 = a 31 + a 32 , a 2 + a 12 < a 1 + a 23 + a 24 − a 14 and a 12 + a 43 < a 31 + a 24 , then I(C) * is minimally generated by
(6) If a 3 = a 31 + a 32 , a 2 + a 12 < a 1 + a 23 + a 24 − a 14 and a 12 + a 43 = a 31 + a 24 , then I(C) * is minimally generated by
(7) If a 3 = a 31 + a 32 , a 2 + a 12 = a 1 + a 23 + a 24 − a 14 and a 12 + a 43 < a 31 + a 24 , then I(C) * is minimally generated by
(8) If a 3 = a 31 + a 32 , a 2 + a 12 = a 1 + a 23 + a 24 − a 14 and a 12 + a 43 = a 31 + a 24 , then I(C) * is minimally generated by
Proposition 2.24. Suppose that I(C) is given as in case 3(b) and also that a 43 ≤ a 23 .
(1) If a 24 < a 14 , then
} is a standard basis for I(C) with respect to the negative degree reverse lexicographic term ordering with x 4 > x 3 > x 2 > x 1 . Theorem 2.25. Suppose that I(C) is given as in case 3(b) and also that a 43 ≤ a 23 . (i) Assume that a 24 < a 14 .
(1) If a 3 < a 31 + a 32 , a 2 + a 12 < a 31 + a 23 − a 43 + 2a 24 and a 12 + a 43 < a 31 + a 24 , then I(C) * is minimally generated by
(2) If a 3 < a 31 + a 32 , a 2 + a 12 < a 31 + a 23 − a 43 + 2a 24 and a 12 + a 43 = a 31 + a 24 , then I(C) * is minimally generated by
(3) If a 3 < a 31 + a 32 , a 2 + a 12 = a 31 + a 23 − a 43 + 2a 24 and a 12 + a 43 < a 31 + a 24 , then I(C) * is minimally generated by
(4) If a 3 < a 31 + a 32 , a 2 + a 12 = a 31 + a 23 − a 43 + 2a 24 and a 12 + a 43 = a 31 + a 24 , then I(C) * is minimally generated by
(5) If a 3 = a 31 + a 32 , a 2 + a 12 < a 31 + a 23 − a 43 + 2a 24 and a 12 + a 43 < a 31 + a 24 , then I(C) * is minimally generated by
(6) If a 3 = a 31 + a 32 , a 2 + a 12 < a 31 + a 23 − a 43 + 2a 24 and a 12 + a 43 = a 31 + a 24 , then I(C) * is minimally generated by }.
(7) If a 3 = a 31 + a 32 , a 2 + a 12 = a 31 + a 23 − a 43 + 2a 24 and a 12 + a 43 < a 31 + a 24 , then I(C) * is minimally generated by }.
(8) If a 3 = a 31 + a 32 , a 2 + a 12 = a 31 + a 23 − a 43 + 2a 24 and a 12 + a 43 = a 31 + a 24 , then I(C) * is minimally generated by }.
(ii) Assume that a 14 ≤ a 24 .
(1) If a 3 < a 31 + a 32 , a 2 + a 12 < a 1 + a 23 + a 24 − a 14 and a 12 + a 43 < a 31 + a 24 , then I(C) * is minimally generated by (2) If a 3 < a 31 + a 32 , a 2 + a 12 < a 1 + a 23 + a 24 − a 14 and a 12 + a 43 = a 31 + a 24 , then I(C) * is minimally generated by (3) If a 3 < a 31 + a 32 , a 2 + a 12 = a 1 + a 23 + a 24 − a 14 and a 12 + a 43 < a 31 + a 24 , then I(C) * is minimally generated by }.
(4) If a 3 < a 31 + a 32 , a 2 + a 12 = a 1 + a 23 + a 24 − a 14 and a 12 + a 43 = a 31 + a 24 , then I(C) * is minimally generated by }.
(5) If a 3 = a 31 + a 32 , a 2 + a 12 < a 1 + a 23 + a 24 − a 14 and a 12 + a 43 < a 31 + a 24 , then I(C) * is minimally generated by (6) If a 3 = a 31 + a 32 , a 2 + a 12 < a 1 + a 23 + a 24 − a 14 and a 12 + a 43 = a 31 + a 24 , then I(C) * is minimally generated by }.
(7) If a 3 = a 31 + a 32 , a 2 + a 12 = a 1 + a 23 + a 24 − a 14 and a 12 + a 43 < a 31 + a 24 , then I(C) * is minimally generated by }.
Classes of Gorenstein monomial curves with non-Cohen-Macaulay tangent cones
In this section we provide classes of Gorenstein non-complete intersection monomial curves such that the minimal number of generators of their tangent cones is equal to 7. We keep the notation introduced in section 2.
Proposition 3.1. Suppose that I(C) is given as in case 1(b) and also that a 21 + a 34 < a 42 + a 13 . Assume that a 14 ≤ a 34 . If a 2 ≤ a 21 + a 23 , a 32 + a 34 ≤ a 3 and a 3 + a 13 ≤ a 1 + a 32 + a 34 − a 14 , then } is a standard basis for I(C) with respect to the negative degree reverse lexicographic term ordering with x 4 > x 2 > x 3 > x 1 . Proposition 3.4. Suppose that I(C) is given as in case 2(a) and also that a 41 + a 23 < a 12 + a 34 . Assume that a 13 ≤ a 23 . If a 3 ≤ a 31 + a 34 and a 2 + a 12 ≤ a 1 + a 23 − a 13 + a 24 , then
